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A NUMERICAL METHOD FOR THE SOLUTION 
OF PLATE BUCKLIl~G PROBLEMS e 
I.. INTRODUCTION. 
1. General. 
Since the advent of the use of high strength materials the 
problem of elastic stability of plates has been of great interest 
to engineers.. The importance of this study seems to increase as 
technology advances o The trend towards weight reduction by the use 
of high strength materials in thin plate structures 9 particularly 
in the aircraft fields has changed many design pr~blems from consi-
derations of strength to considerations of stability .. 
Extensive investigations, both theoretical and analytical, 
have been made of the problem of the buckling of thin plates. The 
basic theory for the solution of problems of plate buckling was 
1. 
well established by the latt er part of the last century ... Since then 
a great many solutions of particular problems have been published. 
The practical problems of greatest interest have been solved. How-
ever p a multitude of problems of engineering interest still remains 
unsolvedo 
The classical theory of buckling is adopted in this papero 
According to this theory the phenomenon of buckling can be described 
by a fourth order 9 partial, differeniDial equation of the deflection 
surface. The classical theory depends upon the following assumptions. 
(1) The plate i.s of constant thickness and is composed of 
homogeneous g elastic 9 isotropic maiDerial. 
(2) The strains and detrusions in the plane of the plate vary 
linearly through the depth of the plate. 
(3) On any cross-section the stresses which have been induced 
by the bending of the plate have no resultant force in the 
direction of the plane of the plateo 
(4) The plate is loaded only by forces acting on the edges in. 
the direction of the plane of the plate. 
2. 
(5) The deflections of the plate are small; consequently the 
curvatures can be considered as second derivatives. 
(6) The thickness of the plate is small relative to the la.teral 
dimensions, and hence the effect of shearing stresses en 
the deflection are small. 
Of course, the classical theory of buckling of plates does not 
describe with exactness the action of a plate because the assumptions 
made are not completely valid. Although minor deviations occur, 
nevertheless 9 the assumptions 'are essentially true. These assumptions 
have been substantially verified by extensive tests. Since buckling 
problems are usually confined to thin9 metallic plates 9 the assumptions 
seem entirely justified. 
!he partial differential equation yielded by the claSSical 
theor.r is ordinarily very tedious to solve. However, a great simpli-
fication can be made for the special case of a. rectangular plate with 
edge conditions and distribution of loading-as illustrated in J~g. 1. 
The following items describe this type of problem: 
,.0 
~ 1 
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(1) The pla.te is rectangular. 
any uniform edge support 
condition 
uniform normal load 
no sheari'ng load 
simply supported edges 
linear distributi9n of 
normal load 
no shearing 10,M 
(2) There are no shearing stresses in the plane of the plate 
parallel to either edge; thus T%3' equals ·zero at every 
element of the plate. 
3. 
(3) The normal stress acting in the y direction, ~, is 
uniform over the plate~ 
,(4) The normal stress acting in the x direction, O"x~ is 
a linear function of y. This condition is necessB.ry to 
insure the absence of . 1" throughout the plate. 
xy 
(5) The edges x=O and :x:=s are hinged. 
(6) The edges y=O and y=b may have any uniform condition of 
support. The two edges are not required to have similar 
conditions of support. 
When the conditions described above are satisfied. the deflec-
tion configuration is composed of a sine wave in the x direction 
multiplied by a function of,yo The partial differential equation of 
the classical theory can be reduced to a fouTihorder. ordinary dif-
ferential equation for this class of rectangular plate buckling 
problems. This ordinary differential equation describes the shape of 
the buckle in the y direction. 
The scope of th~s special problem is somewhat 'restricted. How-
ever~ many practical problems can be simplified to fall in this cate-
gory, and up to the present time nearly all available solutions are 
of this type o 
A few formal' solutions of plate buckling problems are available; 
generally only the simplest problems have a complete solution. The 
greatest number of solutions are approximate. These approximate 
solutions are usually based upon the assumption of a set of appropri-
ate deflection functions and the determination of the relative 
amounts of the assumed functions which give a minimum of strain 
energy in the plate. The solutions may be made as accurate as is 
desired by considering a sufficient number of deflection functions. 
An excellent discussion of the classical methods and a fairly complete 
1 
compilation of available'solutions is given by S. Timoshenkoo 
10 "Theory of Elastic Stabilitytlby S. Timoshenko, McGraw-Hill Book, 
Co., InCa, New York, NoYos 1936. 
4. 
The object of this paper is to present a numerical method of 
solution for the class of plate buckling problems d~scribed in Fig. 1. 
!he proposed method is a combination of two well~known procedures. A 
method of successive approximations is used in conj~ction with the 
numerical procedure of integration published by Newmarko 2 In essence, 
the process is as followsg first a deflection function is assumed p 
and then a new deflection function is determined by numerical integra-
tion of the differential equationo !his process is repeated until the 
assumed and computed deflection functions agree o Fortunately the 
solutions converge for most problemso A discussion of convergence 
and divergence is included~ and a method is proposed for treating 
problems in Which the successive solutions do not convergeo 
The numerical solution is a.pproxima.te but can be made as accurate 
as is desired by taking a sufficient number of divisions in the plate 
width 0 As the number of divisions is increased~ the accuracy of the 
solution increaseso For most practical problems no more than five or 
six divisions in the plate width are neededo The numerical computa-
tions are straightforward and require only an elementary knowledge of 
mathematics tI For most operations slide rule accuracy' i.s sufficient •. 
Within the scope of the method unusual edge sup~ort conditions 
I 
and variations in loading cause no difficulties in the solution.: The 
method is quite generalo Note especdally that each of the two longi-
tudinal edges can have any condition of support so long as it is the 
same for the entire length of the edge 0 Four common conditions of 
support are treated in detail hereing the hinged edge, the fixed 
edge II the free edge~ and an edge· supported by a beam. 
:By a simple modification of the procedure the problem of the 
buokling of rectangule.r plates reinforced with rib stiffeners can be 
solvedo The· limita.tions on the scope of this problem are similar te 
those for theunreinforced plate. The edge conditions and loading 
must conform to the general limits specified in Fig. 19 in addition, 
2. nNumerieal Procedure for Oomputing Deflections~ Moments~ and 
:Buckling Loads»" by No Mo Newmark» Transactions~ ASCE, Vol o l08 p 
1943i po 11610 
5· 
the ribs must be of uniform section and must extend in the longitudinal 
or x direction. The problem can be solved numerically with little more 
effort than is required to solve the buckling problem for the unrein-
forced plateo 
The procedure may be applied to other problems which are repre-
sented by differential equations similar to the equation treated herein. 
As an illustration a numerical solution to vibration problems of 
rectangular plates is discussed brieflyo 
6. 
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II. THEORY. 
30 Governing Differential Equation. 
According to the classical theory of buckling of plates, the 
partial differential equation of the deflection surface is 
where w is the deflection~ N is the slab stiffness, and P and P 
::x: y 
are the compressive buckling forces per unit of length acting in the 
::x: and y directions, respectively. The forces P and P are equal 
x y 
to the product of the stresses ~ and ~ multiplied by the thick-
::x: y 
ness of the plate. This fundamental equation is not the complete 
differential equation yielded by the ordinary theory. One term which 
involves the shearing stresses in the plane of the plate has been 
omitted because~ as previously noted, the method presented herein is 
not applicable when these shearing stresses exist. 
The buckling forces can be represented as a constant proportion 
of an arbitrary reference force as follows: 
P = p P and P = P P. 
x x 0 y y 0 
The factors p and p are functions of position only; they specify x, y 
the distribution of buckling force over the plaie. The value of P 
o 
defines the magnitude of the applied loading. When these expressions 
are substituted for P and P , the equation for the deflection sur-
x y 
face becomes 
7· 
8. 
A solution of Eq.(l), other than the trivial solution of zero deflec-
tion ever.1Where, exists only for certain definite values of P. The 
. 0 
smallest of these values determines the desired critical buckling 
load. 
For the class of plate buckling problems considered, the deflec-
tion surface can be represented as follows: 
w = Y(y) sin ~ 
s 
e _ • .. ., 
Y is a function of y only; it defines the shape of the buckle along 
the plate width b~ The value of m (a positive integer) determines the 
number of half-sine waves in the x direction. In the foll.owing method. 
. m must be assumed before the function Y(y) can be determined. It is 
convenient to set slm = a and then to specify the problem by defining 
the length a. Thus Eqo(3) is obtainedo 
w = Y(y) • TfX Sl.n - ., 
a 
• 9 .. e 
When the expression for the buckling deflection from Eqa(3) is 
sub-sti tut ed int 0 Eq. (1), Eqo(4) is obtained. Each prime symbol de-
notes one derivative with respect to y: 
i I 9 V 
Y (4) 
The limitations which are considered herein on the scope of the 
plate buckling problems arise in the following manner. To begin with, 
Eqo(l) is valid only when the classical theoT,1 of buckling of plates 
is applicable. The assumptions upon which this theor,y is predicated 
are presented in detail in the Introduction. Secondly, the simpli-
fication achieved by adopting Eqso(2) and (3) as solutions of the 
fundamental equation is valid only under the following circumstances: 
(a) the plate must be rectangular, (b) the two transverse edges must 
9· 
be hinged 9 and (c) the functions Px and Py and the boundary 
restraints on the longitudinal edges must be independent of x. Final-
ly, p must be a linear function of y in order to avoid the existence 
x 
of shearing stresses Txy in the plate; this condition arises direct-
ly from the requirements of compatibility of deformations of the plate. 
The method described herein solves Eqo(4) by numerical integration. 
As discussed in the Introduction, this ordinary differential equation 
.-
has been solved by analytical means for a great number of problems. 
Recently Stussi3 has published an article in which this same 
class of problems was solved by a numerical method. However, there is 
little .similari ty in the application of the basic principles or in the 
method ?f solution proposed by Stussi and the method presented herein. 
In addition» Stussi considers only the problem of the buckling of a 
uniform, unreinforced plate subjected to longitudinal forces. 
- " 
''Berechnung Der Beulsi:>annungen Gedrci'ckter Rechteckplatten, tI by 
F. Stussi s Publications 9 Into Assoc. of Bridge and Structural 
Engineers, Vol. 8 9 1947~ p. 237. 
lP. 
~dge Conditions. 
Although there are many different types of possible supports on 
the longitudinal edges y=0 and y=b 9 only four case~ are considered. 
Three edge condttions are treated in this section. They are as follows: 
r 
hinged edges~ fixed edges, and free edges. In Section 11 a method of 
solution is given for plates lIfith edge stiffeners. .Other e~ge condi-
tions than these occur in practice. i The boundary requirements for any 
condition of restraint can be derived as indicat~d below. 
a. Hinged Longitudinal Edge 
Along a hinged edge A the deflections and the moments normal to 
the edge are zero. Hence 
and 
Y = 0 A ~-:' 
But siang the straight longitudinal edge 
2 o W 0 
ox2 = 
Therefore 
Hence 
These conditions are identical to those of the hinged end of a beam. 
b. !'ixed Longi tudinal Edge. 
Along a.fixed edge A the deflections and the slGpes normal te 
the edge are zero. Hence 
11. 
and 
• YA = 0 
These conditions also are identical to those of a. fixed end of a. beam .. 
c.. Free Longitudinal Edge. 
Aleng a free edge the reactions and the moments normal to the 
edge are zero.. Hence 
and 
M .: 0 
l' 
oM 
B. =v +-2l.-0 l' l' 0%-
These lead to the following differential equations: 
a
2
y +!l a
2
y = 0 
ay2. r ox2 
and 
. 'lTX 
When the deflection function w=Y sin -- is substituted into the above 
a 
equations, the following equations are obtained: 
.. w2 
YA-f2 YA=O 
a 
8 II· Tf2 8 
YA - ·(2 -jA) '2 YA = 0 
a 
Substituting a=nh where h is a. mesh length, and re-arrangi~g, one obtains 
YA = h
2 
p'~?/n2 
r 12. 
III. NUMERICAL SOLUTION 
5. A Numerical Summation Method. 
A numerical ~ation method is the basic tool used in this 
~aper. Fundamentally the method solves the following ordinar,y, 
second order, linear differential equation: 
1 B 
Y = g (y) 
where g(y) is a known function. ~he method is simple and can be 
performed rapidly; yet, the solution obtained is highly accurate. 
The basic sammation method and its application in the solution 
of problems of bending of beams and buckling of columns is presented 
•• 1 
in reference (2). Jor convenience, however, a brief summaTY of the 
numerical summation method is included in Appendix I. 
It is useful to distin~~sh between the basic numerical ~~a-
tion method and the ways in whi"ch it can be used to solve other, 
more difficult, differential equations. The simplest illustration of 
this point is the method of solution of the following, fourth order, 
differential equation. 
B , I ! 
Y = g(y) 
This equation can be expressed as two, second~l)rder, differentf81 
equations 0 
~" = ) 'P g(y 
and 
Ie 
Y = ~ (y) 
!he sum~tion method is applied once to determine p and then again to 
compute Y. Thus by two successive applications of the summation 
method, the fourth order,differential equation is solved. Another, 
more involved example is the manner in which the differential equation 
of buckling of a column is solved by successive approximations, where-
in the deflection configuration is assumed, the resulting moments are 
.determined, and then by the use of the numerical summation method 
the deflections due to these moments are computed. The deflection 
configuration thus determined is generally-more accurate than the 
, 
assamed configuration; hence by repeated application of the procedure 
convergence to the true solution is obtained. !he critical buckling 
load and the corresponding deflection configuration can thus be 
determined. 
The numerical sammation method is used in this presentation 
as the basic integrating device in the solution of the fQll~ng 
differential equation: 
8898 01 
Y + f{y) Y + g(y} Y = 0 
where fey) and g(y) are known functions. A detailed explanation of 
the manner in which the ~ation method is applied follows in the 
succeeding sections. 
14. 
60 General Procedure. 
The basic differential equation to be solved is Eq. (4). This 
may be restated as follows~ 
8 Ii 8 
Y 
rr2 1 n B rr 4 1 'fT2 1 1 t 8 
2--Y +4~Y == K (P:x:2-:-lT Y - p -Y ) 
n2 h 2 n h n h Y h 2 
in which K=P h~!Jl and a;::nh. The value K is a non-dimensional con-
o ; 
stant which determines the magnitude of the given pattern of buckling 
forceso The plate width b is divided into any desired number of 
equal segments of length h. Then the length of the plate a is express-
ed as n segments of length h. It is not necessary that n be an integer. 
The procedure used herein solves simultaneously for both the buckling 
configuration Y and the critical load ag expressed by K. 
The basic differential equation is resolved into the following 
two component equations: 
1 n 9 B 
Yn == 
Tf2 1 
p'" '-2 .-:-rr Y - p 
x n h Y 
(6a) 
(6b) 
The sum of Eq. (6a) and K times Eq. (6b) is the following equation: 
'.rhis equation is identical to Eq. (5) if Y has the following value: 
In Eqo (6a) all of the terms are those due to the reSisting 
elements ef the plate. Therefore the symbol for the deflection 
function representing these resisting elements i.s YR. On the other 
hand, all of the.terms on the right side of Eq. (6b) are those d~e 
15· 
to the disturbing effect of the compressive forces. Therefore, the 
symbol for the deflection function which represents these disturbing 
elements is Yri-
The solution of the basic differential equation (5) is conducted 
by a process of successive approximations. The steps !n.~his proce-
dure are as followsg 
(a) A set of deflections is assumed~ one value at ~ach node 
point? These deflections are chosen to describe·· as' accu-
rately as possible the shape of the deflected surface in 
the y direction. This set of deflections is denoted as Y • 
a 
(b) With the deflections assumed aoove g the right hand sides of 
Eqs.(6a) and (6b) are evaluated. These equations are then 
solved by a numerical process to yield the two component 
deflection functions YR and YD. The numerical process 
used is described later. Both deflection functions must 
separately satisfy the boundary requirements; then the ~ 
of the two functions Y will also satisfy the boundarY condi-
tions for any value of K. 
(c) The deflections Y
a 
and Y = YR + KID are now compared. 
If they can be made identically equal for a particular value 
of K(=P h2/N)p then this value of K defines the magnitude 
o 
of the critical buckling load and the configuration obtained 
(Y or Y) corresponds to that loado If the assumed deflec-
a 
tion configuration cannot be made equal to the computed 
deflection configuration 9 new values of Y must be assumed a 
and steps (a) to (c) repeated until a desired measnre of 
agreement is reached. 
As noted p a solution is not obtained from one application of the 
process unless the assumed set of deflections accurately describes the 
buckling configuration. However, each cycle of the process gives the 
following informationg 
(a) It indicates whether the assumed set of deflections does 
accurately describe the buckling configuration. If so» the 
re suI t ing defl ect ions Y equal Ya • 
(b) It yields an accurate value for the critical buckling load 
when Y does correctly describe the buckling configuration. 
s. 
Even when Y is so~ewhat in error 9 the critical buckling 
a 
16. 
load determined from.t~e calculations is reasonably accurate. 
(c) If the assumed set of deflections Y is not corrects a new, 
a 
more accurate set of deflections can be obtained from the 
calculations. This improved deflection configuration can 
then be used as the as'surned set of deflections in the next 
cycle of computations 0 
Thus the solution of a problem is essentially a process of suc-
cessive approximations wherein the deflection configuration is continu-
ally improved. The solution can be carried to any degree of precision 
desired. 
The procedure usually converges to the buckling mode with the 
lowest positive critical load so long as some component of this mode 
is present in the assumed configo.rationo Fortunately this is the solu-
tion with the most practical significance since the higher loads must 
correspond to essentially unstable pOSitions of equilibrium. If no 
component of the configuration corresponding to the lowest critical 
buckling load is present in the assumed configuration9 the lowest load 
cannot be obtained from this procedure. Such a situation would follow 
from the assumption of a deflection curve which is anti-~etrica1 
about the center for Probs o 19 39 or 10 In Probs. 1 and 3 this would 
be intuitively rejected 9 but in Probe 1 the type of symmetr,y is not so 
obvious. In an unusual case one may reject carelessly the configuration 
that corresponds to the lowest buckling load. 
Another factor which must be remembered is that the deflection 
surface is compos~d of the function Y multiplied by a half sine wave 
in the x directions'as stated in Eq. (3) 0 Thus the buckling configu-
ration found corresponds to the lowest critical load for a deflection 
surface with one=half sine wave in the longitudinal direction. This 
will not yield the lowest critical buckling load for a problem in 
which the deflection surface corresponding to the lowest buckling load 
is composed of two or more half sine waves in the longitudinal direction. 
l7~ 
There are many cases where the number of sine waves to assume will 
not be obvious. A trial and error procedure is necessary in such 
cases. 
The numerical procedure used to solve Equations (6a) and 
(6b) is based upon the numerical summation method described in the 
Appendix. A symbolic representation of the procedure is given in 
Fig. 2. This figure illustrates the notation to be used in the 
problems and gives a quick picture of the plan of the solution. 
The integral signs denote numerical integration. It can be seen 
from Fig. 2 that the operations used to determine the two component 
deflection functions YR and Yn are identical. Therefore g in future 
explanations the symbols and the operations used to determine YR 
will be explained; it will be implied that the same could be said 
~f YD .. 
The table of operation~ presented in Fig. 3 contains more 
detailed information on the procedure» as performed i than does Fig. 2. 
Taken together the two figures explain the principles and details of 
the procedure. The fell.wing explanation proceeds step by step as 
given in Fig. 3; in addition9 the principles shown most clearly in 
Fig. 2 are explained in logical order .. 
The various corrections required to satisfy boundary condi-
tions a,re not indicated in the table nor in the explanation which 
follows. Only the basic procedure is discussed. The modifications 
required to satisfy the boundary c?nditiens are discussed later. 
Step 1. The first step is to 'assume a set Gf deflections 
(ene value at each node point) which describes the shape &f 
the buckling configuration in the y direction. As is the 
case in all buckling,problems~ the magnitude is of n. import-
ance; hence the deflections are given in arbitrary units, c. 
8 9 8 g 
at ep 2. The values of 1 YR are eval uat ed at every ¥cde 
point; the assumed deflections Yare used for this purposeo 
a no 0 I 
Note tha.t the component deflection functi0n YR :' ha.s itself b:esn 
divided inte two partso As is ebvieus from Fig. 2·~ only' 
18. 
can be ev~uat~d at this point in the computations 
uYnn 9S 
because the other part . gYa is a function of Ya , and the 
second derivatives of t~e assumed set of deflections are not 
known. Note that the values of the increment length hare 
carried in a common factor column in the calculationso 
Steps 3 and 40 In these s~eps the numerical summation method 
, 8 8 U U 
is used to perform .a do~ble integration of 1 YR and thus n n 
values of lYR are. obt,ained. 9 8 8 
It should b~ obs~rved that the values of lYR found by 
the numerical procedure are, average values over the interval 
lengtho To simplify . the notation the word "average" has been 
omitted in the discussion and examples. As noted in the 
review of the numerical s~ation method in the Appendixp 
• 8 8 9 
accurate values of lY~ c~ be computed at the node points 
if necesse,ry co 
go· 
Step 50 Here the function 2YR is evaluated numerically; it 
is equal to a known constant times the initially assumed deflec-
tion function Y • 
a 
U B 
Step 60 The total function Y is determined by the addition 
R B 0 8 8 
of the two component functions lYR and 2YR 0 
on 
Steps 7 and .8. The function YR is now numerically integrated 
by one application of the numerical summation method to yield 
the values of the component defl,ection function YRo 
'. BOO 9 
As in the case ·of lYR 9 the values of YR·found by the 
numerical procedure are average values. The word "average" 
has been omitted in the notation for the sake of brevity. If 
o 
desired 9 accurate values of YR can be found at the node points. 
In the common factor column of Fig. 3 the units of and 
B 890 4 
lYD are c/h • However 9 during the integrations these units are 
changed such that when the operations are completed the units of YR 
and YD are the same as those of the assumed deflection. Thus the 
units of all the deflections are consistent. Fortunately, it is not 
necessa.ry to evaluate the increment length 9 h, in the course of the 
operations 0 
:.: .' 
nnn;~·.; DD&U ~.1 e us 'Vil1 
Tll =! 1 TIl + 2 2' ~ '2 y. == 1 TB + 2Ya 
Jl' ~. 
n·i] nooo -.21 ·lO 09 
Ta = 111tl.+ 2 ~ o~ 'fa - 11• + 2Y'" 
n- llt fa -I 1'1. 
n D 
Ya ::I II'YE, 
Jft D1sturb1!l1g Jlacter 
·1I~on G1l0!} 1I0~g Tn := ltD 0+ 2Y"D 
20. 
TABLE OF OPERATIONS 
No. Common 
of Designation of Step Computation Factors Step 
For Resisting Factor 
1 Assumed Deflection Ya. c 
v 1 B 8 4' 
C/h4 'IT 2 lYR ..... -,:rYe. 
n 
B II 9 8 a s 
C/h3 3 lYR IlYR 
4 B a 3! I! C/h2 lYR !!lY:a 
B 9 rr2 
C/h2 5 2YR 22"YA 
n 
6 89 U i 
, , 
C/h2 Yn lYR +2YR 
Q n 9 
c/h 7 YR /IR 
9 I 
8 YR !lYR C 
For Disturbing Factor 
1 Assumed Deflection Y c e. 
i 8 I ~ rr2 
C/h4 2 lYD p 2'Y % e. 
n 
8 s n 1'1. C/h3 3 lYD !lYD 
4 8 t 1891 C/h2 lYD l!lYD 
I I 
C/h2 5 2YD -p Y Y e. 
Q B 99 8 i 
c/h2 6 YD lYD +2YD 
.." 
8 : 8 I 
c/h 7 YD !TD 
B 9 
8 YD '!lY D C 
Fig. 3 
21. 
Consider, for example p the calculations of the critical buckling 
load for a square plate, hinged on four edges, with uniformly distri-
buted compressive forces which act in the longitudinal direction. 
The calculations for an assumed parabolic deflection configuration Y 
a 
are given in Probe lao The plate width b has been divided into four 
equal segments of length h. Since the plate is squares the longitu-
dinal length of the plate is also equal to four increments h; hence the 
value of n for this problem is four. Note that the constants to be 
used in the numerical solution are giv~n to the right of the figure. 
The presentation of the first illustrative problem follows as 
closely as possible the operations indicated in Fig. 3. Almost every 
line of calculations has a step number which corresponds to the equi-
valent line in the operations table of Fig. 3. ~etween steps 2 and 3 
and steps 6 and 7 are two lines of computations which are not identi-
fied with the operations table. These lines give the calculations of 
equivalent concentrations~ a basic f~ature of the numerical summation 
method. A bar above the symbol for a distributed derivative denotes 
B I , I 
an equivalent concentrated derivative. Since the functions lYR , 9 
. and YR are smooth curves~ the equivalent concentrations were calcu-
lated by the parabolic formulas given in Fig. 12. On the extreme 
right hand side of the computations in Probe la is a column of common 
factors. These factors agree with those in the operations table and 
the changes in them from one step to another are consistent with the 
numerical summation method. At the top of the calculations is a dia-
gram of the transverse section of the plate. This diagram indicates 
the edge conditions on the longitudinal edges and defines the position 
of the node points at Which the calculations are being performed. 
Only half of the plate is conSidered in the computations since 
the structure and the deflections are symmetrical about the center 
line. The derivatives of even order are symmetrical about the center 
line and the derivatives of odd order are anti-symmetrical about the 
center line. The boundary conditions considered in this calculation 
22e 
are therefore as follows: 
Ii I • 
YR = YD = 0 and YR = YD = 0 at the edge; 
, II • I I I I 
YR = YD = 0 and YR = YD = 0 at the center line. 
In Prob .. la the computations for steps 4 and 8 are initiated s.t the 
I • I I 
left edge where the values of .1YR t lYD t YR, and YD are known to 
be zero •. The computations for steps 3 and 7 are initiated at the 
II I II I I I 
center line where lYR 'lYD ,YR, and YD are known to be zero. As 
is customary, the equivalent concentrations given for the center node 
point are the total concentrations of the function to both sides of 
the center line. The total equivalent concentrations for the central 
node point are then automatically split into two parts for determining 
the average value of the first integral in the increment length adja-
cent to the central node point. 
The value of X is found in this example by taking a ratio of sums 
as is indicated. The significance of this formula is discussed in 
Section 7. 
The value of K is determined for two reaSons. First, it is 
determined so tha.t the resultant deflection configuration" can be com-
puted [by Eq.(7)] and then compared with the assumed configurationq 
Note that in Probe la the computed values of Yare not equal to the 
originally assumed values; therefore. the originally assumed deflec-
tion configuration is not the true deflection configuration. Secondly, 
the value of K is used to determine the critical buckling load o The 
value of K is defined as 
Therefore 
X = P h2/N 
o 
In this example, despit~ the lack of agreement in deflections, the 
critical load t~us determined is very accurate, the exact value 
being 4 n 2 N/b2, or 39., N/b2 • 
. In these problems the value of K is computed to five significant 
figures only because this accuracy is necessary in the computation of 
the deflection configuration Y. However, the critical buckling load 
is given to only three significant figures since even this accuracy 
exceeds that of this solution. 
A better agreement between Y and Y and a slightly more accurate 
a 
value of critical buckling load is obtained by the .. , of the values 
'" 
computed in Probe la as the assumed set of deflections in Probe lb. 
In this figure the modified numerical summation method is used; thus 
l/l2th corrections are computed instead of equivalent concentrations. 
Both methods yield exactly the same results. In Prob. lb the agree-
ment between the assumed and computed deflections is much better than 
that for Probe la; this indicates that this second approximation is 
more nearly correct than the first. !he agreement obtained is quite 
good enough for all practical purposes. .The value of the critical 
buckling load. is slightly more accurate than before, as would be 
expected • 
. The criterion that the assumed and computed deflections must 
agree for a true solution is somewhat stringent. Only a slight error 
in the assumed deflection configuration shows up in the comparison. 
For example, a correct set of relative deflections for this problem 
is 0 - 7.·28 - 10.30; these are the ordinates to a sine curve. In 
addition to this sensitivity, round off errors sometimes make an 
exact check difficult. Fortunately the value of K is not as sensitive 
to small errors in the assumed configuration as is the deflection 
criterion. This is illustrated by the small variation in K between 
Probs. la and lb even though the deflection configuration has been 
materially improved in Probe lb. Since the critical buckling load is 
generally the.quan~~~y of primary interest and since this is not sensi-
tive to small errors, there seems to be no reason why the criterion 
must be completely satisfied. The desired measure of agreement seems 
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to be a matter of judgment since it depends somewhat on the problem~ 
However~ in cases of doubt the aceuracy of the solution can be improved 
to any degree desired by performing further c,rcles of calculations. 
7. Estimate of Critical Load •.. 
In order to compare the computed values of deflect.ion Y with the 
assumed values Y it is first necessary to determine a reasonable value 
. a . 
of K. .The method of determining K should be such that a reasonable 
value is obtained even when the assumed deflection configuration is 
considerably in error. When the assumed deflection configuration is 
exact ~ the methocl must yield the true value of K. Two· method of esti-
mating a reasonable value of K are recommended. 
The simplest and most convenient method of estimating K is to 
make the sum of the errors equal to zero. The error at a node point 
is defined to be the difference between the computed and assumed 
values of deflection. 
Error·at a node point = e=Y-Y 
a 
Then 
Therefore 
I: (Ya - YIi) K = ------------ (8) 
A more reliable method of determining K utilizes the principle of 
least squares. In this case the value of K is chosen so that the swm 
of the squares of the errors is reduced to a minimum. 
The error at a node point is as follows: 
e = Y - Ya = Yn + K YD - Ya · 
As specified above 9 I:e2 is to be a minimum. This requires that 
o I: e2 
Therefore 
de ~ e oK = O. 
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:But 
Hence 
Solving for K, one obtains the following formula: 
I: (Ya - YR) Yn 
1: y2 
n 
(9) K = 
For most problems the simple ~ation method of estimating K is 
satisfactory and is preferable because it is more convenient than the 
least squares procedure. Howeve.r. in problems' where the deflection 
configuration is partly .;positive and partly negative, t he least squares 
procedure is necessary because the summation method is not accurate in 
this case. In general, when the summation method proves to beunsatiB-
factOry9 the least squares method should be used. 
g It Boundary Treatment .. 
The numerical integration procedure can progress in a straight-
forward manner only if the b~dar,y conditions are such that one and 
only one value of each integral is prescribed. This condition is 
satisfied in the solution given in Prob .. 1 wherein the third deriva-
tives and first derivatives were known to be zero at the line of 
~etry and the second derivatives and the functions were known to 
be zero at the hinged edge.. Any arrangement of boundary conditions 
other than this requires special treatment. 
The general procedure for handling a boundary difficulty is as 
follows. A boundary value is assumed when necessary to continue the 
integration procedure. Then at some later integration there will be 
one extra boundary eondi tion which is not sati sfied unless the afore-
mentioned assumption was correct. If the boundar,y value is not 
satisfied, a correction may be made by finding the effect on the 
unsatisfied boundary value of a unit change in the earlier assumption 
and then adopting as much of this unit correction as is necessary to 
satisfy the boundary requirement. 
The detailed treatment of common boundary difficulties is 
discussed with reference to the boundary conditions of four illustra-
tive problem,S. The general treatment for four, very different edge 
conditions is illustrated in Probs. 2, 3, 4, and 5. The expreSSions 
of the. edge conditions derived in Section 4 are used. 
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9. Discussion of Examples. 
The solution of the problem of buckling of a square plate with 
all edges hinged and subjected to a_ flexural type loading is given 
in Probe 2. The boundary conditions for this problem are as follows: 
B I 
Y =- 0 and Y = 0 on both longitudinal edges. 
I I , I 
In thi s case no boundary values of Y or Yare available D but 
II 
instead there are two boundary values for both Y and Y. There-
fore a boundary difficulty exists which must be overcome. 
The first difficulty occurs when it is desired to start the compu-
. I I • 
tation of the function lY in line 4. No initial value is available 
with which to begin the summation. Therefore a value is assumed in 
• 8 8 
any interval.. This assumed value of lY can be anything, but it is 
desirable to make as reasonable a guess as possible.. With the assumed 
value ~he summation procedure can continue.. Line 4 is denoted as 
I , B 
Assumed lY since it is not yet known whether these values are cor-
rect. The summation procedure for Line 5 proceeds as usual; the summa-
tion is initiated with a value of zero at the left edge. Since the 
iB I B I 
values of lY are not necessarily accurate, the values of lY 
computed from them are not necessarily correct; therefore Line 5 is 
! ! I t 
designated as Trial 1 Y The value of Trial lYR at the right edge 
equals 0.292 c/h2 instead of the required boundary value of zero; 
9 ! i 
hence the assumed initial value of lYR was in error. A correction 
function is now computed -as shown above the computations for th~ re-
Sisting factor. This calculation of the correction function shows 
all of the changes which would occur in the computations due to a 
I a s 
unit change in the initial assumption of IY Which was made in 
Line 4. A unit change in the initial assumption produces a unit 
I I 9 
change of all values of Assumed lY because all of these-values were 
:eomputed by adding to or subtracting from the original assumed 
The first line of the caleulations for the correction is 
, R 1 
'designated as I5.Y 
tIl 
The unit' change in 1 Y produces a linear change in 
as shown in the second l~ne of the correction calculations. 
II 
lY 
This 
1 I 
line is designated as I5.Y 
II 
The function 6Y is computed such 
II 
that it satisfies the same boundary values as frial lY Thus the 
calculations are started at the left edge where the boundary value 
11. 
i~ zero, and the values of AY' a~e summed from left to right. 
The calculations show' that a unit change in lY 
II I 
produces a 
6.00 c/h2• 
18 
change in the function lY at the right edge of 
B 8 
The true values ,of IY are equal to the sum ,of the value s of 
I I r 1 
Trial lY and that amount of the corrective function ~Y neces-
I B 
sary to reduce the value of Trial 1 Y at the right end to zero. 
I I I To compute the true values of IY the same proportion of the 
I I I ' It • 
corrective function b.Y 'is added to t he values of Assumed IY 
, I I I 
this is not done in Probe 2 b~cause the true values of IY are of 
no int erest • 
I 1 
The correction for Trial lY just illustrated is linearly 
distributed. This type of correction is so simple and it occurs so 
frequently that ordinarily no corrective function is formally stated, 
but instead a linear correction is automatically applied. 
The same boundary difficulty occurs in the second application 
u & 
of the numerical summation devi'ce wherein Y is integrated twice 
to yield Y. As before, a linear boun~ary correction is applied to 
the values of Trial Y. 
As indicated in the figure, the ratio of the sums is used to 
obtain a reasonable value of I. 'The computed deflections are almost 
exactly equal to the assumed'deflections at all node points; hence 
30. 
this is a true solution. Of course 9 the assumed deflection configura-
tion Y was obtained by successive approximations as previously noted. a . 
F,or brevity only the final cycle has been given in the illustrative 
, examples. 
The critical load, as computed by the numerical procedure, is 
less than one per cent in error. A more accurate value could be ob-
tained by using more divisions in the plate width. Of course, the 
use of smaller .·increments increases the amount of labor required in 
a solution. It is interesting to note that the accuracy of Probe lb 
with only four divisions in the plate width exceeds that of Probe 2 
where six divisions have been used. There is no definite criterion 
by which to judge the accuracy of a solution. However. by experience 
one can estimate the number of divisions necessar.y for reasonable 
accuracy. In general 9 the number of divisions required for a given 
accuracy increase when: (a) ·the gradient of P increases; (b) the 
x 
restraints offered at the longitudinal edges increase; and (c) any 
condition exists which causes sharp 9 semi-localized curvatures of the 
plate. In Probe 2 the flexural type loading presents a fairly rapid 
change of load in the y direction. This causes a decrease in accuracy. 
Even so the solution with only six divisions in the plate width is 
quite accurate 9 certainly within any reasonable requirement for engi-
neering purposes. 
The solution to the problem of the buckling under a uniform 
longitudinal force of a plate with transverse edges hinged and longi-
tudinal edges fixed is given in Probe 3. The deflection configuration 
obviously must be ~etrica1 about the longitudinal center line; 
therefore~ the computations are made for only one-half of the width. 
The boundary requirements are as followsg 
o 8 i 9 
Y = 0 and Y = 0 at the center line, and 
o 
Y = 0 and Y = 0 at the fixed edge. 
9 9 
Thus there is no boundary value of Y but instead. there are two 
9 
boundary valu~s of Y 0 The numerical work is straightforward until 
~ 0 
values of Yare to be determined; since no boundary values are 
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~.~.~~~~le~ a value is assumed and the procedure is continued. The 
11 
B 
of Trial Y 
the 1 eft edge .. 
are determined by summing from the center line 
8 
Thus a value for Trial YR ~f .... 1.24 clh is ob-
edge. This indicates that the assumed value of 
;1:a was incorrect because the slope at the fixed edge must be zero. 
"A correction function is now cs+culated using the same principles as 
The effect on the slope at the left edge of a unit change 
8 i 
in 1 is found to be ....,.·0.0 e./h. The amount of the unit correction 
needed~ Xa is that proportion required to make the slope at the left 
edge zero. The values of the required correction are then added to 
t 
the values of Trial Y to yield the true slopes. The deflection 
, 
configuration is then computed from the correct values of Y by the 
usual summation procedure. One may save some time in applying this 
correction if one notes that it is a linear correction, proportional 
to the distance from the center line to the midpoint of the various 
segments. 
Note that ~he modified numerical summation method was used to 
! 8 8 I 8 1 
compute the values of Y from the values of Y However, 
because the slope at the left edge had to be determined, the ordinary 
summation method Which employs concentrated derivatives was used to 
i B 
compute the values of Y from the values of Y 
The computed deflection configuration is almost identical to 
the assumed configuration~ hence this is a true solution. The value 
of the critical buckling load obtained by this solution is very accu-
rate. There was really no necessity to choose such a fine network, 
but it was desired to compare this solution with a solution of the 
identical problem by Stussi. The two methods give the same result. 
In Probe 4 is presented the solution of the problem of buckling 
of a square plate subjected to a uniform longitudinal load and having 
three hinged edges and one free edge. The boundary requirements for 
this problem are as follows~ 
9 S 
Y :: 0 and Y = 0 at the hinged longitudinal edge; 
n ~_ g B n 
Y = 0.926 h~ and Y ~_ B n = 6049 h-r at the free edge. 
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gig 
is no boundary value of Y but instead there are two boundary 
rements fo·r y" The usual procedure is followed Whereby a value 
is assumed in order to carry on the numerical integration and 
correction is made later. The boundary value at the hinged edge is 
used in Prob. 4 to ini tiat e the calculations for the values of Trial Y .. 
:Since the value of Trial Y computed at the free edge d.oes not satisfy 
·the boundary requirement" an amount of correction equal to x is super-
posed to produce agreement" 
There is one difficulty in this problem which is not present in 
the previous illustrations. At the free edge the boundary val,ue of 
I 9 i 9 
Yt is a func~ion of Y But in the computations for the resisting 
g V 'I g 2 Q 
factor 9 only lYR is known since 2YR is never calculated in 
this procedure. However i as implied in Fig. 2~ 
= 
2 1 o· 
2 TT Y ... ---2 '-2 a 
n h 
.When th~ deflections Yare assumed 9 the slope of this curve Y at a a 
i ~ Y 
the free edge mus~also be assumed" . Then the value of YR can be 
determinedo When the process' of successive approximations is used g the 
~lope of the ass~ed deflection shape may be determined from the pre-
vious cycle of computationso Obviously~ the computed value of slope at 
the free end must check the assumed value of slope just as the computed 
deflections must equal the assumed deflections in order for the solution 
.to be valid. 
Great accuracy was obtained with this simple solution despite the 
use of large increments. This accuracy was obtained for two reasons: 
(1) the load was uniform" and (2) the deflection configuration does not 
contain any sudden!) sharp curvature end is\) in ~act \) . nearly a straight 
line. 
The solution of the problem of buckling of a sqUare plate under 
uniform load with two edges hinged" one edge fixed\) and one edge free 
is given in Probe 50 The 'boundary difficulty in this case i-s. greater 
than before. The boundary requirements areg 
9 
Y == 0 and Y = 0 at the fixed edge~ 
Q 98 H B 
o boundary values of Y and Yare available; instead.~ values 
9 
,:.of Y and Yare known at each edge. Therefore in order to carryon 
S D 0 B S 
.' ,the numerical integration initia;t values of Y and Yare assum-
In this solution the boundary conditions on the fixed edge are 
satisfied at the beginning of the integration.p and the slope and 
deflection at the free edge are determined. Two corrections are 
needed, one for each assumption. Since both corrections affect both 
unsatisfied boundary values at the free edge 9 two 9 linear~ simultane-
ollsequations are solved-to find the necessary proportions of each 
correction. In computing the first correction it is necessary to 
! 8 
assume a value of Y It makes no difference what is assumed because 
this assumption affects only the amount of the second correction 
"function which will be required. 
This problem contains the same boundary difficulty present in 
y 
the last illustration. The slope Yn at the free edge depends upon 9 9 9 9 
YR ; therefore» the slope of the assumed deflection configuration Y , a 
at the free edge must be accurately known or assumed o 
Again an accurate answer has been obtained. Actually thi s exact 
.' correlation is probably a coincidence with the round=off errors com-
pensating the basic inaccuracy. 
The amount of the various corrections in all of these illustra-
tions is small because the assumed values are nearly exacto This is 
customar,y for the last few cycles of computation because the values 
from the previous cycles yield a good indication of what to assume. 
Note that there are several ways to make corrections. For 
example p in Prob o 5 it would have been just as convenient (maybe more 
so) to use the boundar.y conditions on the free edge to initiate the 
integration and then calculate the resulting slope and deflection at 
the fixed edge. Again two correction functions would be needed to 
restore these values to zero. Naturally the correction functions for 
this suggested procedure would differ from those used in the illustra-
tion. 
In all of the problems presented as illustrations for this paper 
slide rule accuracy was sufficient. However~ one more significant 
does add to the accuracy of the solution. This extra accurae.y 
justified if a great deal of extra labor is required to attain 
it. The errors in the numerical solutions are due to two principal 
causes~ (1) the round off error in the computations g and (2) a basic 
inaccuracy of numerical methods which exists because the differential 
equations are approximated at only a discrete number of points. The 
former error can be made as small as is desired by carrying enough 
significant figures in the calculations. The latter error can 
ordinarily be decreased by dividing the plate width into smaller seg-
mentso Both measures increase the amount of work required to effect 
a solution. The questions of how fine a network to use and how many 
Significant figures are desirable can best be decided by experience. 
Some idea of the accuracy of the numerical solution can be obtained 
from the illustrations. 
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10. Discussion of Convergence. 
In many problems the resulting deflection configuration Y is a . 
better approximation to the true buckling configuration than the 
assumed deflection shape Y e In this case the process is said to be 
. a 
converging toward the true solution. On the other hand, Y m~ be 
further than Y from the true solutions and in this case the process 
a 
is divergent. A problem in which the process is convergent may be han-
~. 
dIed most simply by using the resultant deflection configuration Y of 
the last cycl.e for the assumed configuration Y of the next cycleo 
a 
This obvious procedure will not be efficient when the process converges 
slowly; in this case extrapolation is desirable. When the process di-
verges~ extrapolation is necessar,yo 
The writers do not wish to confuse the presentation with an 
elaborate set of rules to determine in advance whether or not the suc-
cessive approximations converge. However, it m~ be stated qualita-
tively that the larger the amount of tensile forces in the plane of the 
plate the greater will be the tendency to diverge. 
The tendency to diverge or converge is a characteri.stic of a great 
many problems that pertain to so-called "eigenvalues." In the buckling 
of a plate or of a bars the critical buckling loads are the eigenvalue~o 
It is possible.p under certain circumstances 9 for negative eigenvalues 
to exist9 or in other words for negative values of buckling load to 
exist. An obvious example of such a possibility is found in the case of 
the buckling of a plate due to a flexural stress distribution on the 
edges s as in Prob o 2. It is apparent that if all of the stresses a.re 
reversed, buckling will occur in the lower part rather than in the upper 
part of the plate at a critical value of load numerically equal to the 
value in Probe 2 but of opposite sign. The negative sign merely means 
that the directions of the stresses are all reversed. It appears that 
for uniform plates subjected to a linearly varying stress P it will 
x 
be possible to have negative buckling loads when there are tensile 
stresses on part of the edge of the plate. However~ it can also be 
seen fairly clearly that the negativ~ critical loads are in general 
larger numerically than the positive critical loads unless a longer part 
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the edge is subjected to tension than to compression. In the latter 
e it is clear that the negative critical loads are less numerically 
the positive ori tical loads. 
In all eigenvalue problems 9 when the solution is made by a succes ... 
approximation proce.dure simila,r to that di soussed in the paper» 
convergence occurs toward the.value of the lowest critical load in abso-
lute value .. This may be 'either po~itive or'negative. The rate of con-
vergence depends on the ratio b~tween the lowest critical load and the 
next higher critical loa~ in absolute value.. Now if we insist on having 
a positive critical load 9 which woul~ be the case where we want to have 
compressive stresses over a smaller portion of the edge than one-half of 
the length of the edge 9 the convergence will be toward the negative 
. critical load which happens~o be lower than the one we are seeking.. In 
this case we will have an apparent lack of convergence when we try to 
compute the positive critical load that is of interest.. Under these cir-
cumstances it is necessar.y to find a supplementary method of approach. 
The lack of converg~nce in the ca$~ of the problem of pure flexure is 
due to the fact that the second critical load is numerically equal to 
the first but of opposite sign~ and this causes a difficulty in the pattern 
of convergence. The successive approximations for this example .diverge 
mildly when computed by the procedurerecomme~ded herein. In genera1 9 
however, it is not worth while to investigate in advance the convergence 
of a solution; it will be evident that one either converges toward a 
definite result or does not~_ 
The method of extrapola~ion proposed herein is based upon the con-
cept of combining two inaccurate trial solutions in such a proportion 
that the resulting configuration is closer to the true solution than 
ai ther of the trial solutions.' 
The following notation is -q.sedg 
Y
al .= first assumed deflection configuration 
Gl~= (Ya => YR)l 
Dl = YDI 
Yl = first computed deflection configuration 
Y
a2 = second assumed deflection configuration 
G2 = (Ya - YR)Z 
D2 = YD2 
Y2 = second computed deflect,ion configuration 
37· 
These values are indicative of the 
'errors. 
" 
Define a new configuration Y 
a 
as the sum of the two basic conf~gura-
tions, thusg 
(lOa) 
or (lOb) 
A value of r can be chosen so as to minimize the square of the error 
of the new configuration. 
Assume e = e1 + r (e2 - el ). This is not exactly true as dis-
cussed beiowo 
The principle of least squares can be used to determine the most 
advantageous value of r to use. This requires that the E e2 is to 
be a minimumo Therefore 
Hence 
oe 
!! e or = O. 
But 
Then 
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for ' one obtains the following equation: 
(11) 
Equation 11 is approximate because the values of 81 and 8 2 
ordinarIly based on different values of K. If they were based on 
same value of K, the result would be quite accurate. This method 
extrapolation makes the implicit assumption that Dl and D2 are 
,closely similar in shape, though not necessarily in magnitude. If 
they are similar in shape, then a value of K for the new configuration 
can be chosen such that they will not contribute to any error " e. 
Since the differential equation which is being considered is 
linear, the factors G and D can be combined just as Y was combined. 
a 
or 
or 
G = Gl + r (G2 - Gl ) 
G = (l - r) Gl + r G2 
D = Dl + r (D2 - Dl ) 
D = (1 - r) Dl + r D2 
(12a) 
-(12b) 
(l3a~ 
(13b) 
After G and D are found by these equations, a new value of K can be 
computed as described in Section 7. To repeat, 
l: G K = l: D9 or by least squares 
With this new value of K a computed set of deflections can be determined 
as before. 
Y=KD-G+Y 
a 
(14) 
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a complete, new set of calculations is obtained by the combination 
trial solutions. Now the computed deflection configuration Y 
as the assumed deflection shape for the next cycle of compu-
of extrapolation just proposed is simple and rapid but 
necessa.rily accurate. The value of r by which the modes are combined 
t vary considerably from the best possible value of r_ It is very 
determine the best possible value of r, but it can be done 
(a) Assume a value of r. 
(b) Compute the values of G and D whiCh correspond to the assumed 
value of r as per Eqs.(12) and (13). 
(c) Find the value of K from the values of G and D given in 
Step (b) by least squares. 
(d) Find the sum of the squares of e which result. The formula 
for the error is 
e:KD-G. 
(e) Repeat Steps (a) to (d) for several assumed values of r and 
from a curve of r vs. e2 find the value of r which gives a 
minimum value of e2 • This value is the best possible value 
of r. 
The authors believe that in most cases this second extrapolation proce-
dure is more work than it is wortho However, it.might be useful in 
difficult cases. 
The usual process of solution is first to perform two successive 
trial solutions using the computed deflection shape from the first 
solution as the assumed configuration of the second trial. Then if the 
solutions appear to be converging slowly or diverging,' an extrapola.tion 
is made as described. This extrapolation yields a new trial solution. 
If the computed deflection Shape Y does not satisfactorily check the 
assumed deflection shape Y then Y is used as the assumed configuration 
a 
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another trial solution. If desired i these two new solutions (one 
them being extrapolated) can also be combined by the procedure des-
Thus it is possible to extrapolate for ever,y succeeding trial 
However~ it might not be desirable to extrapolate so much. 
i might be simpler and faster to let the solutions converge naturally 
the first extrapolation. It is possible. to extrapolate any two 
solutions irrespective of whether or not they are successive. 
When the problem contains troublesome modes corresponding to nega-
eigenvalues~ an extrapolation from two successive solutions is 
generally most satisfactory. Since negative modes oscilla.te, the compo-
nents in two successive trial solutions are of op~osite sign. Therefore, 
usua.lly can be ea.sily cancelled by the procedure. 
The first method of extrapolation given here is probably not sa.tis-
factor,y for cases where the rate of divergence is very grea.t. However, 
few problems will be so divergent. The second, more laborious method 
is correct and can be used in all cases. Again~ if the na.tural rate of 
convergence is ra.pid, the first method of extrapolation might not help 
as the computed deflection of the second trial might be just about 
e~cto However 9 the second, more exact method will alw~s improve the 
solution. It never yields a solution less accurate than the best of the 
two trial solutions. 
The problem of whether or not to extrapolate is a matter of tech-
nique and judgment for which no formal set of rules are given here. 
The first method of extrapola.tion is illustrated in Fig" 4. The 
values of Y i G9 D, and Y for two successive cycles are given for a 
Probe 2. This problem is slightly divergent. The extrapola.tions of 
Ya , G, and D were made using a value of r computed by Eq.(ll). The 
value of K for this new configuration was computed by the least squares 
formula. Then the final deflections Y were computed. The true deflec-
tion values are given so that the improvement in deflections can be 
conveniently observed. 
41. 
0 3. 070 40 000 3.040 1.590 0.570 0 
0 8.669 13.095 12.697 9.303 4.773 0 
0 3.613 5.566 5.502 4.097 2.121 0 
0 2.802 3.829 3. 118 1.800 0·722 0 
0 2.802 3 .. 829 3 .. 118 1.800 0·722 0 
0 80297 12~860 12 .. 845 9 .. 672 5. 051 0 
0 3.135 40764 4.600 3.316 1.663 0 
12 0 3 .. 245 4,,250 3·097 1 .. 372 0·307 0 
e1 0 -0.268 -0.171 0.078 0 .. 210 0.152 0 
e2 0 0.443 0 .. 421 -0.021 -0.428 -0.415 0 
e2-e1 0 0.711 0·592 -0099 -0.638 -0.567 0 
r = ~:~~¢3 = 0.326 
The extrapola.ted solution is: 
y 0 2·983 3.944 3.065 1.658 0.620 0 a 
'G 0 8 .. 548 13·018 12 .. 745 9·423 4.864 0 
D 0 3.460 5 .. 305 5·208 3.842 1·972 0 
By least squares, K = 210.S0g/85.gSg = 2.4544 
Y 0 2·927 3.947 3·103 1.665 0.596 0 
True Y 0 2.,946 30952 30100 1.668 0.604 o 
Fig. 4 
IV • SPEC IAL PROBLEMS.' 
11. Plates With Rib Stiffeners. 
The numerical method can be used for rectangular plates with 
when: 
42. 
1. The conditions required to use the method for unreinforced 
plates are satisfied; 
2. The ribs run in the direction of the assumed sine wave; 
the layout is shown in Fig. 5; 
3. Each of the ribs is of uniform cross .... section. 
The same assumptions about plate bending and size of the deflec-
tions are made in this solution as in the basic solution of the unre-
inforced plate. There are simply a few added assumptions about the 
'reinforcing rib$ which are: 
(1) The differential equation of bending of a beam is used to 
analyze the- reinforcing rib; hence all of the assumptions 
of the beam formula are adopted for ~he rib. 
(2) The torsional strength of the rib is entirely neglected. 
For purposes of analysis, a ribbed plate such as is shown in 
Fig. 5 is considered to be a structure composed of several plates with 
flexible rib supports along the longitudinal boundaries between the 
panels. The method of analysis recommended in the previous chapters 
applies to each plate panel. A convenient method of handling the 
boundary conditions at the flexible rib support is developed herein. 
l a . Section A-A 
Fig. 5 
The boundary conditions existing at each flexible rib support 
are as follows. Consider Section A-A in Fig. 5. The rib has been 
separated from the plate to show the reaction force. 
lRy = 2Ry + q(x) 
lMy = 2My 
The numerical procedure recommended for unreinforced plates 
satisfies at each interior node point the three boundary conditions 
for moment, slopes and deflection. However, a special treatment must 
be used to satisfy the first boundary requirement which relates to the 
edge reactions. The reactions m~ be expressed in terms of the 
deflections by the following relation. 
44. 
general solution of the plate equation given by Eq.(3) is used 
or reinforced plates. Substituting this expression for deflections 
to the above equation for the edge~actiont one obtains 
8 I 1 , TT2 • TTX 
R = -N [Y . - 2" (2 -f) Y ] sin ;:--
Y a 
expression for the reaction is now substituted into the first 
condition. 
l R ~ _Ri + q(x) y .... z:-y 
However, the third bounda:ry condition is 
8 I 
lY = 2Y .. 
Therefore, the boundary requirement can be simplified and ;reduced 
to the following form .. 
q(x) 
N • TTX s~n -
a 
Let us consider now the force q(x) contributed by the rib. 
This force is a lilie load in units of force per unit length of rib. 
The force q(x) is the sum of the force of the beam reSisting bending 
and the disturbing force of the direct load in the beam interacting 
with the curvature of the beam.. Therefore, the formula for the rib 
force is 
where Ei is the modulus of elasticity of the stiffener material, 
Ii ,.is the moment of inertia of the. stiffener, and Pi is ·the axial 
compressive load on the rib. 
When the expression'for deflection given by Eq.(3) is substi-
one obtains the following equation for the rib force. 
q(x) • 'ITX s~n -
a 
(16) 
The formula for the rib force (16) is now substituted into the 
~boundary equation (15) and the following equation is obtained: 
E I 4 p 2 
BI' III=_..ll'IT y+i..!!...y 
2Y - 1 Y N ---rr -N--- 2 
a a 
Thus it can be seen that the third derivatives of the 
function Y(y) must change abruptly-and be discontinuous wherever a 
rib stiffener exists. This means t~at a ttconcentrated ll fourth deri .... 
vative exists at each rib .. : The "concentrated" fourth derivative has 
, ,the f 011 owing value: 
The iiconcentrated ti fourth deri,vative is divided into two compo .... 
nents. Thus 
and 
~1891 
The component SIR is used in the computation of the resisting 
_I i II 
function YR and the component SYD is used in the computation 
of the disturbing function. The subscript S used in front of the 
1998 
symbol Y designates this component as one resulting from the 
presence of the rib stiffener. The problem of the buckling;?fa 
:plate with rib stiffeners can be solved by the use of the ba~'::i:c 
46cr 
cedure for the unreinforced plate with a slight modification where-
'by a concentrated fourth derivative is introduced into the computations 
of the resisting and disturbing functions. 
It is convenient to relate the properties of the beam to the pro-
of the plate in the following manner~ 
'The stiffness of the rib is defined in terms of the stiffness of the 
pla.te.. The relative stiffness ~ has not been determined for any 
actual sections p but only hypothetical values have been assumed.. Hence 
questions such as how much of the plate should be conSidered to act as 
the flange of a tee .... section stiffener have been avoided.. The axial 
load. on the rib is expressed ~s a proportion of the total buckling force 
imposed, on the plate.. Again hypothetical values have been assumed.. To 
satisfy the limitations imposed on these solutions, the axial load Pi 
must be such that the resulting strain in the rib stiffener is equal 
to the strain in the adjacent plate induced by its buckling forces. 
When such is the case~ no shearing stress is induced in the plate by the 
rib. Therefore 9 the axial load in the stiffener Po can be computed l. 
for any stiffener area 9 and eX: can be easily evaluated. 
Using the revised notation and also the relation a = nh9 one ob-
tains the following expressions for the concentrated fourth derivatives 
which exist at a rib stiffener~ 
fnuou_ T1'4 1 Y S R - .... }S' -rr 
h 3 n 
(18a) 
=0 gOO n 2 1 Y SYn = +0( '"2 h 3 n 
(lBb) 
The calculations are illustrated in Prob. 6. The first two lines 
are the same as those which would occur for an unreinforced plate .. 
However p 'the notation has been revised.. The subscript P indicates that 
the line of calculations represents only the plate terms.. The concen-
trated fourth derivative in the third line is the contribution of the 
.... 9 Bin 
b stiffener. The value of SlYR is computed from Eq.(18a) and 
..... '.18 B 
value of SlYD is computed from Eq.(18b). Notice that these 
terms exist only at the one node point where the rib exists. T~e 
fourth derivatives due to the plate terms 
'and the rib terms is contained in line 4. This total concentrated 
derivative is the value for the structure and hence the usual nota-
.... BUBU ( ~9nuU) lYR or lID is used. From this point on the calcu-
lations are identical (with one exception) to those which would occur 
for an unreinforced plate. 
A special correction which was not required before must ordinarily 
be used for ribbed plates. The need for this correction arises in the 
following manner. As discussed in Appendix 19 the double integral of 
a function which consists exclusively of concentrated derivatives is a 
function composed of straight line segments. 
_8 au 9 
_I 8 I 1 
The derivatives SlYR 
and SlYD are concentrated derivatives and hence the contributions un H ' 
which they make to the values of YR and YD a.re polygonal shaped Iii n a I 8 B 
with a cusp at each rib. But the derivatives, PlYR and P2YR 
are distributed derivatives and the contributions which they make to 
89 1 I 
, the values of YR and YD are distributed as smooth curves. It is 
not possible to separate the continuous and polygonal components ex-
cept by performing the integrations separately. Instead of separating 
the components~ special parabolic formulas are used to concentrate the 
98 8 r 
values of YR and YD 0 These formulas are given in Fig. 6. A deri-
vation of the special formula.s for equivalent concentrations is contained 
in Appendix II. 
The special concentration formulas given. in Fig. 6 are equal to 
the normal concentration formulas for smooth loading curves plus an 
increment which is proportional to the concentrated fourth derivative. 
For plate buckling problemsg concentrated fourth derivatives exist 
only at node points on ribs p therefore g When the central node point 
in the concentration formula is not on a rib the special formulas of 
Fig. 6 reduce to the usual formulas for smooth loading curves. In a 
plate :J 
presence of dotted 
does not 
concentration 
a 
h 
~cusp 
D B 
h 
Ii 
II 
c~~ 
B B 
Y 
c 
48. 
Special Formulas For Equivalent Concentra.ted Second Deriva.tives 
Fig. 6 
sense the special concentration formulas are more general forms of 
the usual formulas& In Probe 6 the third special formula is used to 
compute the equivalent concentration at the center node point; the 
ordinary formulas are used a.t the other four node points. 
The authors are not familiar 'l.ftiith any analytical solution to 
b. 6; however, it is believed that this solution is quite accurate. 
that the addition of this very light rib more than doubles the 
ing st rength of the plat e. 
rib ~q(x) "edge of 
~~\\\\\~ plate 
(a) 
Fig. 7 
2My 
1"'-- "" L_~2Ry 
I-I 
rib c:.1(X) Irt--edge of 
t§\\\\\\\\\\\\\14-- plat e 
R 
" J 1 Y 
IMy 
.(b) 
The buckling of plates with beam-supported edges constitutes an 
important· class of practical problems. The usual edge conditions for 
this problem are a.s follows. Let Fig. 7(a) represent the top edge of 
the p1a.te; the rib has been sep~...ra.ted from the plate to show the reac-
tion force. Then 
(19a) 
and 
(19b ) 
Since the boundary condition for moments dO'es not involve the support-
ing rib j the usual formula indicated in Section 4c is applicable. 
However, the boundary condition for edge reactions is changed 
requires attention. When the expressions for reactions and rib 
s are substituted into Eq. (19a) p the following equation is obtainedg 
8 I 9 Tf2 u' TfX Tf2 Tr 4 TfX 
1Y - 2 (2 -pJ l Y ] sin a + [Pi "2 l Y - Ei1i ""4 l Y] sin a = 0 
a a a 
equation is factored\! one obtains Eq. (20). 
: i i n 2 9 Po Tf2 Eo 10 1j4 (2 co f ) ~ . ~ ~ (20) y ""'- l Y + if"" 211 -y- ""4 11 = 0 1 2 
a a a 
::!J,l,.. .••• ~",."" ... Eq. (20) is not in a. useful form for the numerical method. 
stead of using this equation for the boundary condition, the assump-
ion is made that the plate extends an infinitesimal distance outside 
The stiffener is then treated as an interior stiff-
and the edge is considered to be unsupported. The treatments for 
of these features have been discussed. Under this assumption and 
considering Fig. 7(b) to represent the top edge of the plate, we have 
. the following boundar,y.conditions: 
R = 0 2y 
2My = IMy = 0 
As indicated in Section 40, the condition of zero reaction on the free 
edge reduces to the following expression: 
y i i B n2 9 
2 = (2 ... f) 2' 2Y . 
. a 
But 
Hence 
v 9 u Tf2 
2Y 
u 
= (2 
-fA) 2" l Y (21) 
a 
Now consider Eqo(17)9 which is :as followsg 
v U I 
When the value of 2Y as given in Eq.(21) is sUIDstituted into 
this expression$ the following equation is obtained. 
U U I Tf2 i Pi Tf2 Ei Ii 1T 4 
lY - (2 -f) '2 lY .,. '-N:- 2' lY'" -W- Lr lY = 0 
a a a 
This equ~tion is identical to Eq.(20); this identity demonstrates 
that the method rec,omIJended satisfies the boundary conditions given 
in Eq. (19a) e 
The method is illustrated by Probe 7. Here the problem of the 
buckling of a rectangular plate loaded with a, uniform longitudinal 
stress and having both longitudinal edges supported by beams is 
solved. The boundary requir~~ents and the correction for edge slope 
are the same as if no ribs existed. However p in the computation of 
the resisting and di sturbing factors, concentra,ted fourth derivatives 
" 
exist at the edges because of the ribs. All other qomputations in 
the solution are standa.rd. Note that the special concentration for-
mulas given in Fig. 6 are not necessary in this example; the second 
derivatives a.re distributed smoothly. Despite the use of a very 
coarse network, the solution obtained in·Prob. 7 is. quite accurate. 
12. Vibrat.ions of Plates. 
The numerical procedure can be used to solve problems of the 
vibrations of certain rectangular plates. In general, only the 
lowest natural frequency and the corresponding deflection configu-
ration can be found. The solution is valid only for a rect~ar 
plate of which two opposite edges are hinged while the other two 
edges can have any condition of support. These edge requirements 
are identical to those of the buckling problem. 
The motion of each particle of the plate is periodic as is 
given in Eq. (22) 
W ::::: W sin at 
o 
'Where, w is the maximum amplitude of deflection and e is the 
o 
circular frequency. With this type of motion 9 the deflection sur-
face of the vibrating plate can be represented by Eq. (23) 
In this equation M denotes the mass of the plate per unit area and 
the other symbols have the same meaning as before. 
When the expression for deflection from Eq.(3) is substituted 
into Eq.(23)g the following ordinary differential equation is 
obtained. 
B I I' 
Y 
It can be seen that Eq. (24) is very similax to Eq .. (4) '" The 
two equations are identical under the following circumstances: 
2 
l' = 19 l' ::::: O!) and P TT '., = M 102• 
x y 0 ~ 
a 
Thus the numerical procedure 
developed to solve problems of buckli~g can also be used to solve 
Vibration problems. Note that the mass M must be independent of 
.', 
x or else~ in general» Eq.(24) cannot be solved by this method • 
. " The numerical procedure is not very useful for determining higher 
natural frequencies because the successive approximation procedur;~-
alw~s converges towards the solution for the lowest frequency. 
Problems of. forced vibrations of rectangular plates for certain 
limited cases can also be solved without difficulty by the numerical 
procedure. 
v. CONCLUSIONSe 
13. General 
The numerical procedure described herein permits a simple and 
rapid calculation of the buckling shape and critical load for a· limited 
class of rectangular plate buckling problems. Fortunately~ many practi-
cal problems can be solved by this procedure. In addition p many. other 
practical problems which do not saiisfy all of the requirements of this 
method can be treated by either simplifying the problem or by waiving 
some of the limitations of the method which may not be important for 
a particular caseo Extension of the procedure to problems which do not 
satisfy the limitations of the'method requires engineering judgment. 
The numerical' work is 'straightforward$ and slide rule accuracy is 
sufficient except fora very few computations. Most of the numeric81 
work c'onsist s of simple addi tion and subtraction. 
The procedure yields an approximate solution$ but the accuracy 
. can oe improved 'by using more divisions in the plate width. Howeve.rll 
the procedure is accurate as demonstrated by' the examples j and there-
fore it i-s generally not worthwhile to use more than five or six divi .... 
sions. Procedures which extrapolate the answer from two or three 
solutions are unnecessary for this method. 
This paper has been devoted to the presentation of a method for 
the solution of plate buckling problems~ With one exception all of 
the illustrative examples are problems which have been solvedsnalyti-
cally and for which solutions are readily available. These examples 
have been chosen to demonstrate the numerical metho~. No attempt has 
been made to present a set of solutions to important practical problems 
which are as yet unsolved an~ for which the method is applicable. The 
authors hope that some such use will be made of this procedure. 
The general procedure described herein is applicable to many other 
,problems p since it permits a relatively simple Md accurate numerical 
''integration of a ·class of differential equations. 
APPENDIXo Io 
I I A Resume of the Numerical Summation Method. 
The numerics,l summation method discussed herein is concerned 
with the solution of the following ordinary 9 second order 9 linea.r 9 
differential equation~ 
where g(x) is a known function. The numerical method can be used 
in various ways to solve differential equations other than the one 
indicated aboveo 
The summation method is a rapid and systematic procedure for 
ma.1{ing two successive integrations. Consider the simplest.: case,. a 
function composed of straight line segm~nts between node points. 
This is illustrated in Fig. go The second derivatives of the func-
tion are equal to zero at all poi.nts except the node points where 
ttconcentrated lt angle changes occur. 
The change in slope which occurs at each node point is des-
_iB 
cribed by the concentrated second derivatives Y Hence the 
slopes or first derivatives are computed in the intervals between 
node points from one end of the region to the other by adding or 
subtracting the successive coneentrated second derivatives. A 
value of slope in one interv'al must be used to start this computationo 
The change in the value of the function between adjacent node points 
is equal to the product of the slope in the interval times the incre-
ment length ho Hence 9 the values of the function at the node points 
are computed by adding or subtracting the successive first derivatives 
multiplied by the increment h over which the first derivB.tive acts. 
An initial value of the function at a node point must be had to start 
the computation. The process is illustrated in Figo 80 When the direc-
tion of summation is from left to rightp the quantities are added; when 
summed from right to left 9 the quantities are subtracted. The positive 
direction of the dependent va.riable is to the right. 
.. concentrated 
second derivative 
first deri vat i ve 
function Y 
Y b Y e- c 
I: h .1: h .1° 
I 
I 
I 
"'" n 9 Yb 
a 8 e_" Y 
a"b Yb =Y b+Yb S)C B.$ 
U 8 
Yb =Y a +hY a~b Y =Yb+hYb . a C l)C 
Summation Procedure For Concentrated 
Second Derivatives 
Fig. 8 
For convenience all of the increments h are of the same length. 
Then the procedure is simplified by omitting the multiplication of the 
first derivatives by the increment h ~til the end of the computations. 
The integration procedure yi·elds exact r~sults for the case where 
the second derivatives are concentrated at the node points; that is p 
when the function is composed of straight line segments between node 
points. 
The numerical summati on procedure can progress in a stra,ight .... 
forward manner only if one value of the slope and one value of the 
function are prescribed by the problem. However, there are many'ways 
te satisfy the b01.111cl2.ry requirements when this condition is not ful-
filled. The type of problem dictates the method to use. An explana-
tion of a convenient and general method of satisfying the bounda.ry 
requirements for the problem considered in this paper is included in 
Section 8. In all illustrative examples of this Appendix, the simple!'.t 
boundary requirements are assumed. 
The calculations ~re illustrated by the integration of the f2.mi-
liar equation relating moment and load in a beam~ Eq.(25). 
I , 8 
M .= - p and M = V 
In this equa.tion M denotes the beno_ing moment, V the shear, and p the 
load per 1mit length. The concentrated value of the second derivative 
in this case corresponds physically to ~l, concentrated load. In Fig. 9 
the equation is integrated numerically for a cantilever beam loaded 
with concentrated loads at the node points. The bound8ry conditions 
I I I 
for this case are M = 0 and M = 0 at the free end. 
4Q, 
3Q, 
2'1 
Q, ~ 
u t ,It 
" 
~ common k 
y factor 
~ ~ ~ 4@h = L -I 
_16 I .-1 
M (load) 
- 4 ... 1 ..... 2 -3 ·"1 Q, 
u 
I 
-4 I I M (shear) 0 I I -5 -7 .-10 I Q, 
I I I 
M (moment) 0 ... 4 
-9 .... 16 -26 Q;h 
Fig ... 9 
When distributed second derivatives are prescribed, one can 
choose equivalent concentrated second derivatives that prGduce the, 
exact integrals at the node points and thereby handle the problem 
with the aforementioned single pr~cedure. The numerical procedure 
for distributed second derivatives deviates slightly from the pre-
vious case only when values of the first derivatives at the node 
points are computed. The general procedure is a,s shown in Fig" 10. 
Cf/ulvolellf 
COncenfraled 
Second /Jerin:tlive5 
firsf Oerivofives 
f"nefion 
a b 
h 
-II -" _" 
- " 
tab ¥o 1;c 
Ya~ Yn' == tit ~.l1 ~/~~bT~; I I _I, a,h tI (Jb ~c=~+'k 
" ' 
>:; I ~.- ~+ "bh 
INTEGRATION PROCEDURE FOR DISTRIBUTED 
SECOND DERIVATIVES 
Fig .. 10 
c 
-I. 
YrJ 
(' I, _" ,G=~'+~ 
Yc =~ +~;h 
Average'values of the first derivatives are found for the 
interva.ls between node points by ~dding or subtracting the succes-
sive equivalent concentrated second derivatives. Then the values 
of the function at the nod'e points are computed by adding or sub-
tracting,the successive average first derivatives multiplied by 
the increment length over which they ~t. The comp~tations are' 
Similar to those performed when c0ncentrated second derivatives 
are prescribed. 
The. average values of the first derivatives between node points 
.. are somewhat uncertain values.. Somewhere in each interva.l there does 
'·-exist a first derivative equal to this average value, but the loca-
tion of this coincidence is not known. Hence, when an accurate value 
of a first derivative is desired, it is computed at a node point as 
indicated in Fig. 10. When the first derivative at an interior node 
point. is not desired 9 the two concentrations at the node point can be 
added together to yield the total equivalent concentrated second deri-
vative; in this case the summation procedure for distributed second 
derivatives is identical to the procedure when concentrated second 
derivatives are prescribed. 
The equivalent concentrated second derivatives must be computed 
from the prescribed distributed second derivatives in such a way that 
the procedure described above yields accurate values of beth the func-
tion and the first derivative of the function at the node points. The 
exact formulas for computing the values of the concentrated second 
derivatives are derived as follows. ConSider Fig. 11. 
U 8 
angl e change = Y dx 
in length d.x 
! 
! 
dx 
h-x 
_h 
Fig. 11 
By geometry of small angle cha.nges 
D rF iU Yb = Y + Y h + (Y dx)(h-x) a a 
In the numerical procedure 
1i v .... 9 ~ 
Y b=Y +Y b as a a 
. I 
Yb=Y +Y bh It a, 
W ..... 9 U 
Yb=Y +Y h+Y""h a a au 
60" 
By direct comparison it cp~ be seen that the numerical method gives 
exact results when 
-II 
Yab = 
",.h 
e' 
B 1 
Y (h-x) 
h 
i 9 
Y x dx 
h 
The concentration formulas are identical to the fo-rmulas for 
I I 
computing the 'reactions of a simple beam of length h with a load Y • 
Thus the concentrations at the node points are numeric21ly equal to 
the reactions from a set of fictitious stringers spanning between 
I 8 
node points and supporting a. load numerica.lly equal to Y This is 
also eaSily verified by statics When the problem of finding moments 
in a beam 9 Eq.(25)g is specifically considered. The numerical 
method using equivalent concentrated derivatives gives exact values 
of the integrals at only the node points. A more complete discussion 
of this point is contained in a paper by Newmark. (2) 
Formulas for equivalent concentrations for polygonal loading 
curves and for smooth loading curves are given in Fig. 12. The poly-
gonal formulas are exact. The formulas developed for the smooth 
curve are based upon the assumption that the curve is a second degree 
1/ 
61. 
pa.rabol~3.o These formul~.s give reasona.bly good ~.pproxim~tions for 
any smooth curve and ~.re us ed in the remainder of thi s work. 
The calculations ai.re again illustrated by the integra.tion of 
Eq. (25). In Figs. 13 and 14. the moments 2nd shears are found for 
a csntilever beam loaded wi th :11. polygonal load and pa.rlltbolic load, 
respectively.. Not e that the computation work w~.s simplified in 
Fig. 14 by using the formulas for the sum of the two concentrations 
at a node point; the first derivaatives were not calcul£ted &t the 
interior node points .. 
y 18 
a 
h bl 
.... 
(a) General Formulas 
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(b) Formulas For Continuous 
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FORMULAS FOR SMooTH LOADING CURVE 
FORMO'LAS FOR EQ,UIV ALENT CONCENTRATED SEC·O:~ID DERIVATIVES 
Fig.o ·12 
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A.; Modifi ed Method. 
When the second derivatives are distributed across the region 
considered as a smooth curve without cusps or discontintiitiesll~ and 
when the first derivatives at the node points need not be known, a 
convenient modified method is possible. 
This method avoids the calculation of equivalent concentrated 
second derivatives. The calculations are performed in two parts. 
Part I of the function (and of the average first derivatives) is com-
puted by the normal procedure using in place of an equivalent concen-
tration at each node point a value equal to the distributed second 
derivative at the point multiplied by the increment length~ h.: In 
the -second parts only the function is computed; Part 2 of the function 
at each node point is equal to h 2/l2 times the value of the distri-
buted second derivative at the point,. The true function is the sum 
6f the two components. The function as computed by this method is 
exactly equal to that computed by using the parabolic concentration 
formulas., This correlation is proven in the original paper by 
Newmark. (2) 
The calculations are illustrated once again by the integration 
of the equation which relates moment and load in a,beam 9 Eq.(25). 
The beam is hinged at both ends; the modified method is most useful 
for this very common type of boundary condition. The computations 
are given for both the modified method and the basic procedure in 
Fig. 15. 
The modified metho'd saves only the calculation of the con-
centrated second derivatives. However 9 this is usually the most 
difficult line in the solution. The boundary corrections are gen-' 
erelly made in the usual fashion after both parts of the function 
have been computed. 
The drawbacks of the modified method are~ 
(a) It does not take discontinuities into acCOuntD 
(b) It is not applicable when the panel length varies p 
(0) It requires the comPutation of equivalent concentrations 
if true first derivatives are to be computed g 
(d) It is occasionally difficult to analyze and interpret the 
results. 
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fceent er-line 
loading curve 
12q 
'4 h=L 
Common 
factors 
:By :Basic Procedure 
B a 
M 0 
-9 -12 q 
R08 
-8.50 .... 11.50 qh 
0 
14.25 Average M 5·75 qh I 
qh2 M 0 14.25 20.00 
:By Modified Method 
8 g 
M 0 
-9 -12 q 
J - 1) 6 Average M (Part 15 I qh 
I 
qh2 M (Part 1) 0 15.00 21 .. 00 
(Part 2) ? M 0 "",0.75 -1.00 qh .... 
M 0 14.25 20.00 qh2 
APPENDIX I I • 
DERIVATION OF SPEOIAL EQPIVALENT CONCENTRATION FOBMOLAS .. 
Consider a polygonal distribution of second derivatives as shown 
in Fig. 16a. The equivalent concentrated derivative at the center 
point is given by the following formula: 
- U U h . -W B. I I.. . I 8 
lYb = b (lYa + 4 lYb + lYe) 
This formula can be divided into two parts. 
However, note that 
= 
Therefore, the equivalent concentrated second deriva.tive for the poly-
gonal distribution is given by the following formula: 
-DU h 18 In 'I h 2 _181& 
lYb = 12 (lYe. + 10 lYb + lYe) + 12 lYb 
increment lengths = h 
a b c a c 
~ 9 
Polygonal Component~lY 
, 
Continuous Distributioni2Y 
(a) (b) 
Fig. 16 
- 0 
>tC\J 
+ 
c 
II .. 
lY + 2Y 
(0) 
66. 
Now suppose that the second derivative distribution is composed 
of one component which has a polygonal distribution and another compo-
nent which has a parabolic distribution. This c~se. is shown in -
Fig. 16c. 
The true equivalent concentrated second derivative for the center 
point of the combined function may be determined in the following 
manner. 
In a similar manner the following equivalent concentration formu-
las can be derived. 
_9 i h i I 6 II ") h2 _8198 Yab= 21i' (7 Y + Y .... Y +24" lYb 2 a -1>._ c 
_it h 1 B II 8 a h2 _, I It Yba= 24 (3 Y + 10 Yb aD Y ) +24' lYb -2 a c 
x, y 
p , p 
x Y 
r::T, a-
x y 
.,. 
'Xi! 
Px' Py 
p 
0 
s 
b 
m 
a 
h 
w 
n 
N 
fA 
M y 
R 
Y 
V 
Y 
M 
xy 
Y(y) or Y 
g(y)g f(Y)9'· 
or ¢(y) 
K 
e 
c 
G 
APPENDIX III" 
LIST OF NOTATIONS 
rectangular coordinates. 
applied stress in the plane of the plate in the x 
and y directions, respectively. . 
normal stresses in the x and y directions, respectively. 
shearing stress • 
load distribution parameter~ see p.7. ' 
load magnitude parameter, see p.7. 
length of plates 9 in x-direction. 
width of plate, in y-direction. 
number of buckling half-waves in x-direction .. 
length of one buckle in x-direction, equal to sima 
network mesh le~gth. 
deflection. 
ratio·, a/h. 
plate stiffness$ EI/l-,fL 2 
Poisson 9s ratio. 
normal moment acting in y direction. 
edge reaction. 
vertical shear on y face of element. 
t,.,isting mo~ent" 
deflection function. 
functions of y c. 
2 
non-dimensional quantity equal to P h IN. 
o 
error in solution 
units of deflection 
deflection function equal to Y
a 
= YR 
D 
r ... 
Q 
t 
M 
E 
I 
deflection function equal to YD. 
ratio for combina.tion of two solutions. 
02 02 
differential operator equal to . 2 + --2 · 
ox oy 
rib force per unit length.' 
stiffness of rib. 
axial force in rib. 
non-dimensional quantity equal to 
non-dimensional quantity equal to 
circular frequency 0 
time. 
mass of plate per unit ~~a. 
E.I./Nho 
J. J. 
Pi/Poh. 
mod.ulus of elastici ty of plate material. 
moment of inertia of plate, per unit of width. 
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